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Abstract 

 

A model for the mass sensitivity of Love wave and layer guided shear horizontal acoustic plate mode (SH-

APM) sensors is developed by considering the propagation of shear horizontally polarized acoustic waves 

in a three layer system. A dispersion equation is derived for this three layer system and this is shown to 

contain the dispersion equation for the two layer system of the substrate and the guiding layer plus a term 

involving the third layer, which is regarded as a perturbing mass layer. This equation is valid for an 

arbitrary thickness perturbing mass layer.  The perturbation, ∆v, of the wave speed for the two-layer 

system by a thin third layer of density, ρp and thickness ∆h is shown to be equal to the mass per unit area 

multiplied by a function dependent only on the properties of the substrate and the guiding layer, and the 

operating frequency of the sensor. The independence of the function from the properties of the third layer 

means that the mass sensitivity of the bare, two-layer, sensor operated about any thickness of the guiding 

layer can be deduced from the slope of the numerically or experimentally determined dispersion curve. 

Formulae are also derived for a Love wave on an infinite thickness substrate describing the change in 

mass sensitivity due to a change in frequency. The consequences of the various formulae for mass sensing 

applications are illustrated using numerical calculations with parameters describing a (rigid) PMMA 

wave-guiding layer on a finite thickness quartz substrate. These calculations demonstrate that a layer-

guided SH-APM can have a mass sensitivity comparable to, or higher, than that of Love waves 

propagating on the same substrate. The increase in mass sensitivity of the layer guided SH-APM’s over 

previously studied SH-APM sensors is of significance, particularly for liquid sensing applications. The 

relevance of the dispersion curve to experiments using higher frequencies or frequency hopping and to 

experiments using thick guiding layers is discussed. 

 

Keywords  Surface acoustic wave (SAW), Love wave, acoustic plate mode, SH-APM, mass 

sensitivity, sensors. 
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I.  Introduction 

Acoustic wave sensors work on the simple principle that a surface is set into high frequency 

oscillation and interactions with the environment close to the surface cause either energy storage or energy 

loss. These effects are often observed experimentally as changes in resonant frequency, representing a 

shift in wave speed, and as a broadening of a resonance frequency, representing changes in attenuation. In 

Rayleigh surface acoustic wave (SAW) sensors, the substrate particles execute a retrograde elliptical 

motion in the plane described by the direction of propagation and the normal to the surface1. Rayleigh-

SAWs are highly sensitive to deposited surface mass but, due to the out-of-plane component of their 

displacement have significant attenuation if the surface supporting the wave (i.e. the sensing surface) is 

exposed to a liquid. This is unfortunate since many applications of current interest involve the deposition 

of mass from the liquid phase. There are two types of approach to extending the use of acoustic wave 

sensors to the liquid phase. The first is to use a flexural plate wave (FPW) which, although it has an out-

of-plane component of displacement, has a wave speed less than the speed of sound in the liquid2,3. Under 

these circumstances, the wave can no longer generate compressional waves in the liquid and so does not 

suffer a large attenuation. The second approach is to use an acoustic wave mode that has surface parallel 

displacements. Examples of such waves, in approximate order of mass sensitivity, include the thickness 

shear mode (TSM) of the quartz crystal microbalance (QCM)4-5, a shear horizontal acoustic plate mode 

(SH-APM)6-8, a shear horizontal surface acoustic wave (SH-SAW)9, a layer-guided SH-SAW10, a surface 

transverse wave (STW)11 or a Love wave12-14, which is an SH-mode with a wave guiding layer15. The 

difference in the sensitivity between these devices is enormous with the mass sensitivity of Love waves, 

and more recently the layer guided SH-SAWs, being several orders of magnitude greater than that of SH-

APM’s. For this reason much recent experimental work has preferred Love wave devices. However, a 

problem with such devices is that the interdigital transducers (IDTs) used to generate and detect the wave 

are located on the same face of the substrate as the contacting liquid; this is a problem not shared by the 

less sensitive SH-APM devices. Locating IDTs on the same side as the liquid causes difficulties because 

of the dielectric constant of the liquid and, depending on the guiding layer’s dielectric constant, the need 

to have liquid seals within the propagation path. 

 

In this work, we develop a theoretical framework for understanding the mass sensitivity of layer 

guided SH-APM16,17 and Love wave sensors. In section II, the propagation of a shear horizontally 

polarised acoustic wave in a three-layer system is considered and a dispersion equation is derived. In 

section III, the third layer is then regarded as a thin mass layer that is to be sensed and a perturbation 

approach is used to derive a mass sensitivity formula for the phase speed. The basic sensor characteristics 

of a layer guided acoustic wave device can be deduced from the dispersion equation describing the 
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substrate and wave-guiding layer. Section IV develops, quantitatively, the interpretation of this dispersion 

equation and introduces the idea of determining the mass sensitivity from a numerically or experimentally 

determined dispersion curve. In section V, the consequences of the relationship between the mass 

sensitivity and the dispersion curve are derived for a device operated at either a higher frequency or more 

than one frequency. The previous formulae are then considered numerically and their predictions for new 

sensors and their consequences for current experiments are discussed in section VI. The relevance of the 

theory to Love wave sensors working at multiple frequencies and to Love wave sensors with thick wave-

guiding layers with lossy materials is discussed. It is also suggested that the new layer guided SH-APM 

sensor will have a significantly enhanced mass sensitivity, possibly exceeding that of a Love wave using 

the same substrate and guiding layer. This suggestion alters the currently accepted notions of the most 

sensitive type of device and offers the advantage of a highly mass sensitive liquid phase sensor with the 

transducers located on the opposite face to the sensing surface. 

 

II. Theoretical Formulation 

The problem of the response of a two-layer system of a substrate and a wave-guide to the 

deposition of rigid mass is essentially the problem of the propagation of acoustic waves in a three-layer 

system. For the finite substrate Love wave and layer guided SH-APM sensors, we consider a substrate of 

thickness, w, with a density ρs and Lamé constants λs and µs overlayed by a uniform mass layer of  

thickness, d, and with a density ρl and Lamé constants λl and µl. In analogy to Love wave theory, the 

uniform mass overlayer is referred to as the guiding layer; this two-layer system is the bare sensor and 

possesses a dispersion curve. In a previous report17 we described how a dispersion equation can be derived 

for this two-layer system and how that dispersion equation contains generalisations of Love waves from 

infinite thickness substrates to finite thickness substrate and of acoustic plate modes from non-guided to 

layer guided modes. The present formulation uses the same approach, but introduces into the system a 

third layer of thickness, h, with a density ρp and Lamé constants λp and µp. This third layer is referred to as 

a perturbing mass layer, although the dispersion equation derived in this section for the three-layer system 

is in fact valid for an arbitrary thickness third layer.  

 

Consider wave motion in an isotropic and non-piezoelectric material of density ρ and with Lamé 

constants λ and µ. The displacements, uj, are then described by the equation of motion15, 
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where the Einstein summation convention has been used and the strain tensor, Sij, is defined as, 
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The boundary conditions on any solution require consideration of the stress tensor, Tij, which can be 

written in the form, 

  ijkkijij SST µλδ 2+=  (3) 

The upper surface of the substrate is taken to be in the (x1,x2) plane and located at x3=0 (fig. 1). The 

solutions of the equation of motion are chosen to have a propagation along the x1 axis with displacements 

in the x2 direction of the sagittal plane (x2,x3). They must also satisfy the boundary conditions on the 

displacements u and the Ti3 component of the stress tensors. These must both be continuous at the 

interfaces between the substrate and guiding layer, and between the guiding layer and perturbing mass 

layer.  The Ti3 component of the stress tensors must also vanish at the free surfaces of the substrate and the 

perturbing mass layer at x3=-w and x3= (d+h), respectively. 

 

In order to preserve the notational similarity with the Love wave problem, a solution for the 

equation of motion is sought by using displacements in the guiding layer, ul, the substrate, us, and the 

perturbing mass layer, up, of 

 

 [ ] ( )1133)0,1,0( xktjxljT
l

xljT
ll eeBeAu −− += ω  (4) 

 

 [ ] ( )1133)0,1,0( xktjxsT
s
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p

xpjT
pp eeFeEu −−





 += ω  (6) 

where ω is the angular frequency and the wave vector is k1=(ω/v)1/2 where v is the phase speed of the 

solution. Al, Bl, Cs, Ds, Ep, Fp, are constants determined by the boundary conditions.  A traditional Love 

wave solution occurs when the substrate thickness w →∞, the shear speed of the substrate, vs= (µs/ρs)
1/2, is 

greater than the shear speed of the layer, vl= (µl/ρl)
1/2, and the wave vector  Ts is real, so that the substrate 

displacement, us, decays with depth. A traditional SH-APM solution occurs when w is finite, d →0 and the 

wave vector Ts is purely imaginary, so that the solution, us, may take on a standing wave (resonant) form. 

In the more general case under consideration here, both Tl and Ts may be complex rather than real and no 

restriction to real is placed upon Tp. The use of the exponentials with a j factor in Eq. (4) and without a j 

factor in Eq. (5) is therefore purely to enable the similarity with the Love wave theory to be more readily 

noted. The choice of the exponential with a j factor in Eq. (6) is to emphasise the notational similarity with 
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the guiding layer. One particularly simple limit of the theory is to regard the perturbing mass layer as 

nothing more than an extension of the guiding layer itself, by setting the material properties to the same 

values. 

 

Substituting Eq. (4) into the equation of motion describing the layers, i.e. Eq. (1) with the relevant 

layer parameters, gives the equations for the wave vectors Ts, Tl, and Tp, 
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To completely specify the problem the boundary conditions are imposed and this defines the constants Al, 

Bl, Cs, Ds, Ep and Fp in Eqs. (4)–(6). The first type of boundary condition is continuity of the 

displacements at the interfaces between the layers and these give, 

 ssll DCBA +=+  (10) 

 ( ) ( ) ( ) ( )djTFdjTEdjTBdjTA ppppllll expexpexpexp +−=+−  (11) 

The remaining conditions all relate to the Ti3 component of the stress tensor, which for this system using 

the form of the solutions in Eqs. (4)-(6) can be written as, 
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The second type of boundary condition, continuity of Ti3 at the substrate-layer interface, gives, 

 ξ)( ssll DCjBA −=+−  (13) 

and 

 ( ) ( ) ( ) ( )[ ] pppppllll djTFdjTEdjTBdjTA ξexpexpexpexp +−−=+−−  (14) 

where ξ  and ξp  have been defined as, 
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The remaining two boundary conditions are vanishing of stress at the two free surfaces at x3=(d+h) and 

x3=-w, and these give the equations, 

 0))(exp())(exp( =+−+− hdjTFhdjTE pppp  (17) 

and 

 0)exp()exp( =−− wTBwTC ssss  (18) 

 

The six boundary conditions, Eqs (10), (11), (13), (14), (17) and (18) define both a dispersion equation 

and the coefficients, Al, Bl, Cs, Ds, Ep and Fp in the solutions for the displacements. After extensive 

algebraic manipulation we find the dispersion equation, 

 

 ( ) ( ) ( ) ( ) ( )[ ]wTdThTwTdT slppsl tanhtan1tantanhtan ξξξ +−=  (19) 

 

The second term on the right hand side of Eq. (19), which involves ξptan(Tph), is due to the presence of 

the third, perturbing, mass layer. Setting the thickness, h, of the perturbing mass layer to zero recovers the 

dispersion equation for the two-layer system of a substrate with a guiding layer. When the substrate 

thickness w→∞ with Ts real, so that the tanh(Tsw)→1, Eq. (19) gives the limit of a traditional Love wave 

perturbed by an arbitrary thickness perturbing mass layer. The layer guided SH-APM’s correspond to 

Ts=jks where ks is real17. 

 

III. Perturbation Theory 

When operated as a sensor, a Love wave device has a finite thickness wave-guiding layer; it is the 

finite thickness which is responsible for the high mass sensitivity. The presence of a finite thickness wave-

guiding layer means that the wave speed for the Love waves is smaller than the substrate shear speed. 

Similarly, the wave speed for the layer guided SH-APM’s are larger than the substrate shear speed. A 

third, thin perturbing, mass layer therefore acts about a particular operating point on the dispersion curve 

of the bare, two-layer, system defined by, 

 

 ( ) ( )wTdT o
s

oo
l tanhtan ξ=  (20) 

 

where the superscripts on Tl
o and Ts

o indicate the wavevectors in Eqs (7)-(9) are given by a solution to Eq. 

(20) for v=vo≠vs; the superscript on ξo indicates that Tl
o and Ts

o are used in Eq. (15). The solutions for this 

system have been discussed in detail in a previous report17; it should be noted that the limit of a vanishing 
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wave-guiding layer has to be handled carefully as this involves the conversion from layer guided acoustic 

plate modes with an imaginary wave-vector to Love waves with a real wave-vector.   

 

Consider a perturbing third mass layer of thickness, h=∆h. This perturbation of the two-layer 

system will result in a decrease in the phase speed of the mode, irrespective of whether that mode is a 

Love wave or a layer guided SH-APM. The perturbation will cause changes in the phase speeds and the 

wave-vectors of the substrate and guiding layers and we can therefore write Tl 
o→ Tl 

o+∆Tl, Ts 
o→ Ts 

o+∆Ts 

and ξo→ξo+∆ξ where the superscript zero indicates the values of the quantities when ∆h=0 (i.e. solutions 

of Eq. (20)). The left hand side of the three-layer dispersion equation (Eq. (19)) can then be written, 
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The first term on the right hand side of the three-layer dispersion equation (Eq. (19)) can be written, 
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and the second term can be written to first order as, 
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The expansion in ∆ξ can be written in terms of ∆Tl and ∆Ts using Eq. (15) and both of these quantities can 

be related to the change, ∆v, in the wave speed, vo, using Eqs. (7) and (8). Performing these manipulations 

and grouping terms, we find that Eq. (19) gives the perturbation formula, 
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where the function g, is defined as, 
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and depends only on the operating frequency and properties of the substrate and wave-guiding layer. 

These formulae are only valid for perturbations about an operating point on the two-layer dispersion curve 

that satisfies vo≠vs and vo≠vl; a discussion of the difficulties of perturbing the two layer dispersion curve 

about the start of a Love wave mode, or the so called n=0 SH-APM mode, has been given in reference 17. 

It should be noted that due to the frequency dependence of Tl
o and Ts

o in the function, g, Eq. (24) does not, 

in general, predict a frequency-squared dependence for the fractional shift in phase speed. The function g 

determines the mass sensitivity of the sensor device. The structure of the formula in Eq. (24) is entirely 

consistent with the result given by Auld18, 
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where U2 is the normalized particle velocity displacement at the surface. The combination, ρp∆h, of the 

density and thickness of the perturbing mass layer gives the mass per unit surface area, ∆m, and we can 

therefore re-write Eq. (24) as, 
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IV. Mass Sensitivity from the Device Dispersion Curve 

 Experimentally, the significance of Eq (24) and (25) is that if we can determine the sensitivity 

function, g, for any perturbing layer, then it is the same function for any other perturbing mass layer. Now 

consider a two-layer system and imagine creating a thin third layer of the same material as the wave-

guiding layer. Writing x=d and ∆h=∆x, Eq. (24) becomes, 
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where the subscript zero indicates the value of the phase speed at a thickness x=d. Making the third layer 

infinitesimally thin we may write the function, g, as, 
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Thus, the sensitivity function involves the slope of the phase velocity dispersion curve with guiding layer 

thickness at the guiding layer thickness operating point. Using Eq. (29) we may simplify Eq (24) to, 
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and this may be further simplified if vp
2<<vo

2 and vl
2<<vo

2. Eq. (30) can be re-written using the perturbing 

mass ∆m=ρp∆h. Equation (30) should be of particular use in developing wave-guide based acoustic wave 

sensors, because it enables the mass sensitivity of a prospective device to be assessed directly from the 

dispersion curve. Moreover, this dispersion curve can be determined either numerically or from 

experimentation by systematically increasing the thickness of the wave-guide layer. Whilst arguments 

based on perturbation theory have been used in deriving Eq. (30), the formula itself is for a perturbation 

on top of a wave-guide layer of arbitrary thickness rather than of a vanishing thickness. Defining a mass 

sensitivity function, Sm, we can write, 
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or, 

 
dx

e

ol

op

l
m dx

vd

vv

vv
S

=























−

−
= log

1

11
22

22

ρ
 (32) 

 

where the mass sensitivity function, Sm, is in units of m2 kg-1. Thus, the mass sensitivity of a Love wave or 

a layer-guided shear horizontally polarized acoustic plate mode device can be determined numerically 

from the dispersion curve. Whilst a relationship between the maximum slope in a dispersion curve and the 
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maximum mass sensitivity for surface acoustic wave sensors has been remarked upon by some 

researchers19, Eq. (32) gives it an explicit theoretical basis for Love waves and layer guided SH-APMs. 

 

It is interesting to note that an often drawn conclusion from Auld’s result, Eq. (26), is that the 

device sensitivity increases as U2 at the sensing surface increases and that this corresponds to a trapping of 

the acoustic energy to the surface. If we assume vp≈vl, then Eq. (32) only involves the slope of the 

logarithm of the dispersion curve and, for Love waves, this slope is a maximum at the transition from a 

wave dominantly in the substrate to one dominantly in the wave-guide layer. At greater wave-guide 

thicknesses the Love wave mode is increasingly localised in the wave-guide layer, compared to the 

substrate, but this leads to lower mass sensitivity rather than higher mass sensitivity; this conclusion 

applies only when a particular Love wave mode is maintained throughout the increase in wave-guide 

thickness. Thus, to create a highly mass sensitive device the wave-guide layer thickness should be chosen 

such that the wave is close to a transition between the two intrinsic wave speeds vs and vl.  The wave-guide 

layer and substrate materials should also be chosen to obtain a sharp transition in the dispersion curve; for 

high mass sensitivity the aim is not to fully confine the wave to the guiding layer, but to place the 

operating point on the transition point of the dispersion curve. This change of emphasis in interpretation 

away from focusing on U2 is important in understanding the potential of the layer guided SH-APM modes. 

The layer guided SH-APM modes have a wave speed larger than the substrate speed, vs, but can still 

possess a sharp transition (with guiding layer thickness) between two intrinsic plate mode speeds. 

Moreover, by arranging the substrate thickness appropriately, the two plate mode speeds involved in the 

transition can be well-separated in value so that the slope in the dispersion curve can be large and the mass 

sensitivity can be high. In fact, the Love wave case involves a transition between vs and vl, and so the 

change in speed due to the transition cannot be larger than vs whereas no such restriction occurs for a layer 

guided SH-APM sensor. It may therefore be possible to create a layer guided SH-APM sensor using the 

same guiding layer and substrate materials as a Love wave device, but with higher mass sensitivity and 

with the advantage of being able to excite the mode using transducers on the opposite side to the sensing 

surface. This possibility is further investigated in section VI using numerical calculations for the 

dispersion curves. 

 

V. Mass Sensitivity and Frequency Dependence 

In a two-layer system with a finite thickness substrate and finite thickness wave-guiding layer, the 

frequency enters the calculation of the wave-speed, vo, through the two dimensionless combinations d/λl= 

df/vl and w/λs= wf/vs. When the substrate is infinitely thick the layer guided plate modes are no longer 

possible and only Love waves can exist. Moreover, on such an infinite thickness substrate the phase speed 
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for a Love wave depends on frequency only through the dimensionless combination of z = d/λl = df/vl, so 

that a change in guiding-layer thickness, d, is equivalent to a change in operating frequency, f.  Thus, Eq. 

(32) (or Eq. (31)) can be used to assess the change in sensitivity that will occur through a change in 

operating frequency, for a given mass perturbation, ∆m, on a particular device. The dispersion curve can 

be plotted using the dimensionless variable, z, and the slope on this dispersion curve can be related to the 

slope in the dispersion curve when plotted against guiding layer thickness, 
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where the subscript o implies the values of the various quantities at the operating point of the dispersion 

curve. The mass sensitivity function, Eq. (32), then becomes, 
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One immediate consequence of Eq. (34) is that for a given Love wave mode the peak sensitivity 

(maximum value of Sm) is directly proportional to frequency. This is because any frequency increase can 

be accompanied by a corresponding reduction in the value of the guiding layer thickness so as to keep the 

value of z constant at the appropriate operating point for the maximum sensitivity of the dispersion curve; 

neither the maximum value of the differential of the log, nor vo, at this value of z change with frequency. 

The shift in phase velocity (at fixed operating frequency) due to sensed mass for a Love wave device will 

scale with the frequency, provided the guiding layer thickness has been chosen to obtain maximum 

sensitivity for that operating frequency and the same Love wave mode is used at each operating frequency. 

If the guiding layer thickness is different to the optimal one for maximum mass sensitivity then the gain in 

phase velocity sensitivity would not scale with f. Also, if a frequency change is made that takes a device 

from one Love wave mode to another then the maximum gain in sensitivity would be less than the f factor 

because the peak values of the differential of the log term in Eq. (34) will be different. Love wave devices 

are dispersive so that frequency shift, which is measured in oscillator configurations, due to added mass is 

given by ∆f/f=(vg/v)(∆v/v), where vg is the group velocity. The ratio of group to phase velocity varies along 

the dispersion curve and the translation of mass sensitivity from the phase speed definition of Eq. (31) to 

∆f/f therefore requires care. 
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In previous work, we have reported that Love wave devices can be designed with transducers that 

operate at harmonic frequencies20 (see also Weiss et al21). This enables a single device with a given 

guiding layer to be “hopped” from one operating frequency to another during the course of a single 

sensing experiment. Thus, it is of particular interest to know the change in mass sensitivity of a Love wave 

device that arises by changing frequency, whilst keeping the wave-guide thickness constant, so that the 

operating point on the dispersion curve is altered. From Eq. (34), the mass sensitivity, S2, at a frequency f2 

compared to the mass sensitivity, S1, at a frequency f1, is given by, 
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It should be noted that Eq. (35) is valid whether or not the change in frequency leads to a Love wave of 

the same mode. In a harmonic type device design the frequency change would typically be a doubling or 

trebling and could therefore involve a change of Love wave mode. 

 

VI. Numerical Solutions and Discussion 

The numerical solution of the dispersion equation for the two-layer problem of a finite thickness 

substrate covered by a wave-guiding layer has previously been considered16,17. In general, for any given 

guiding layer thickness the phase speed is multiple-valued with both multiple layer guided SH-APM 

modes and multiple Love wave modes. Solutions with phase speeds greater than the substrate shear 

velocity, vs, are layer-guided SH-APM’s and solutions with phase speeds less than the substrate shear 

velocity, vs, are generalisations of Love waves to a finite thickness substrate. Figure 2 shows the 

dispersion curve diagram for an operating frequency of f=100 MHz on a substrate of thickness w=100 µm 

and with density and substrate speed typical of quartz (ρs=2655 kg m-3 and vs=5100 ms-1). The wave-guide 

layer parameters are ρl=1000 kg m-3 and vl=1100 ms-1 and correspond to PMMA. The horizontal-axis has 

been plotted using a dimensionless parameter of the wave-guiding layer thickness scaled by λl=vl/f. The 

solid circles on the curves indicate thicknesses at which solutions have been determined analytically as 

well as numerically. In the simplest interpretation of mass sensitivity Eq. (34), suggests that the maximum 

sensitivity occurs at the maximum slope of the curves. Figure 3 shows the modulus of the mass sensitivity, 

|Sm|, calculated from Eq. (34) for the first three Love wave modes in fig. 2. The corresponding curves for 

the layer-guided SH-APM modes are shown in fig. 4. As anticipated the maximum sensitivity occurs on 
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the back-slope of each mode in fig. 2 which, for the parameter values used for the calculations, is at a 

guiding layer thickness of d ∼ (2n+1)λl/4 where n is an integer. 

 

The numerical calculations of the mass sensitivity of the layer-guided SH-APM modes can be 

compared to the analytical results for a bare SH-APM device perturbed by a thin mass layer. Martin et 

al7,22 give the formula Sm=-1/(ρsw) for the n>0 modes of a SH-APM device and one-half this value for the 

n=0 mode. However, in our previous work we demonstrated that under mass loading the n=0 APM 

degenerates into a Love wave and the previously quoted result for the n=0 mode does not therefore 

apply17. We also derived the following more general result for the perturbation of the n>0 modes of a bare 

SH-APM device, 
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where vm is the unperturbed SH-APM mode speed of the bare device. For the calculations in fig. 2 and fig. 

4 the SH-APM modes have speeds of 5274.36, 5929.03 and 7918.88 m s-1 compared to the substrate speed 

of 5100 m s-1. The extra pre-factors in Eq. (36) are therefore important because vm is not approximately 

equal to the substrate shear speed, vs. Evaluating Eq. (36) gives mass sensitivities of Sm= 3.85, 4.92 and 

8.91 m2 kg-1, respectively, for the three n>0 SH-APM modes and these are in agreement with the 

numerical values in fig. 4 in the limit d→0. From fig. 4 it can be seen that the effect of the guiding layer 

on the SH-APM device is to dramatically increase the mass sensitivity by more than an order of 

magnitude. The greatest gain in mass sensitivity is with the highest order SH-APM mode. For the 

calculations in fig. 2 the mass sensitivity of the layer-guided SH-APMs becomes comparable, to within an 

order of magnitude, of the mass sensitivity of the Love wave modes. 

 

Physically it is possible to understand the high mass sensitivity that can be obtained in layer 

guided acoustic wave systems by considering the change in the displacements as the guiding layer 

thickness increases. Beginning with the first Love wave mode and increasing the wave-guiding layer 

thickness from zero, takes the displacement pattern from a plane wave in the substrate and layer, to one 

with virtually no displacement in the substrate, but a quarter-wavelength type pattern in the guiding 

layer17. Further increases in guiding layer thickness will further confine the displacement to the wave-

guide layer, but do not then correspond to higher sensitivity.  This increase in the wave-guide layer 

thickness corresponds to taking the Love wave speed from a value equal to the substrate speed, vs, to a 

value close to the layer speed, vl. Further increases in the wave-guide layer thickness do not significantly 

alter the wave speed of this Love wave mode and so give poor mass sensitivity.  However, increasing the 

thickness of the wave-guiding layer does eventually gives rise to higher order Love wave modes which go 
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through similar changes in the wave speed (i.e. from vs to vl). In the case of the second Love wave mode 

the displacement pattern begins as a plane wave in the substrate and a half-wavelength type pattern in the 

guiding layer. This pattern evolves until it becomes one with virtually no displacement in the substrate, 

but with a three quarter-wavelength type pattern in the guiding layer17. In the Love wave mode case, the 

maximum mass sensitivity occurs at the point of transition of the Love wave from having properties 

similar to those of a shear wave in the substrate to one with properties similar to those of a shear wave in 

the layer. In a similar manner, the layer-guided SH-APM modes change character from one plate 

resonance to the next lower order plate resonance as the wave-guide layer thickness increases. For 

example, a transition from a plate mode with a 3/2 wavelength pattern in the substrate to one with a 1/2 

wavelength pattern in the substrate. The maximum mass sensitivity is when a device is operated with a 

wave-guiding layer possessing a thickness chosen so that the displacement pattern is at one of these points 

of transition. This corresponds to the point on the dispersion curve where the phase speed changes most 

rapidly with guiding layer thickness. 

 

In acoustic wave sensor research it is often quoted that Love wave sensors have a higher 

sensitivity than SH-APM sensors whilst SH-APM sensors have the advantage that the transducers can be 

on the opposite face to that used for sensing. In liquids, this latter property can be a significant advantage. 

The comparison that leads to the belief that Love wave sensors are more sensitive than SH-APM devices 

does not account for the dispersion curves of the layer-guided SH-APM’s shown in fig. 2. The usual 

comparison is between a bare SH-APM device, which therefore corresponds on fig. 2 to the slope of the 

dispersion curve with a zero thickness wave-guiding layer, and a Love wave device chosen to have a 

wave-guiding layer thickness corresponding to the maximum slope in the dispersion curve. Clearly, if a 

wave-guiding layer is used for the SH-APM device, then an operating point corresponding to the 

maximum slope on the dispersion curve can be chosen and the difference in mass sensitivities is much 

less. In the case of the calculations in fig. 2 the maximum sensitivity of the highest mode layer guided SH-

APM is within a factor of 5 of that of the Love wave. However, in general we would argue that a layer-

guided SH-APM device can not only be of comparable sensitivity, but may in fact be more sensitive than 

a Love wave on a given substrate. This is because the maximum change in wave speed for the Love wave 

is (vs-vl) and this occurs over a small range of guiding layer thickness centred around a thickness of 

(2n+1)λl/4. In comparison, the substrate thickness, w, can be chosen such that the change in speed for the 

highest order layer-guided SH-APM can be far greater than the difference (vs-vl); again this change will 

occur over a small range of guiding layer thickness centred around a thickness of (2n+1)λl/4. To further 

illustrate this idea, we have numerically calculated the mass sensitivity using the same materials and 

operating frequency as in fig 2 and fig. 3, but with the substrate thickness modified to 77 µm. In this case 
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the initial mode speeds for the SH-APMs without a guiding layer are 5405, 6807 and 44 825 m s-1. This 

particular choice of substrate thickness creates a large difference in speed between the top two modes and 

we therefore anticipate that introducing a guiding layer will provide increased mass sensitivity compared 

to the device on the 100 µm substrate. The numerical comparison between the mass sensitivity of the Love 

wave and the associated highest order layer-guided SH-APM for the first three Love wave modes is 

shown in fig. 5. The layer guided SH-APMs are shown by the dotted curves and the Love waves by the 

solid curves. The mass sensitivity of the Love waves has not changed significantly compared to fig. 3, but 

that of the layer guided SH-APMs has increased and now exceeds the mass sensitivity of the Love waves. 

It is also evident that progressing through the sequence of Love wave modes, the peak mass sensitivity of 

the highest layer guided SH-APM mode associated with each higher order Love wave mode suffer less of 

a drop than that of the higher order Love wave modes (i.e. the sequence of peak values of the dotted 

curves in fig. 5 decreases less rapidly than that of the solid curves in fig. 5). The particular choice for the 

substrate thickness used in fig. 5 was extreme and fabricating devices to obtain this sensitivity may prove 

difficult due to the high phase speed of the mode. However, choosing substrate thicknesses to give a top 

SH-APM with a speed of the order of 10 000 m s-1 would still give mass sensitivities comparable to Love 

wave devices. Thus, by using a layer guided SH-APM it should be possible to reconcile the requirements 

for high mass sensitivity with that of operating a device with transducers on the opposite face to the 

sensing surface. 

 

In sensors using quartz crystal microbalances and surface acoustic waves, layer guided or 

otherwise, higher frequency is usually believed to result in higher sensitivity. Some aspects of this 

possible frequency enhancement of sensitivity for Love waves on an infinite substrate have been discussed 

in section V where it was shown that the peak sensitivity for a given Love wave mode can scale with 

frequency, but that this requires a corresponding reduction in guiding layer thickness. Figs 2 and 3 

emphasise that increasing frequency with a given device of fixed guiding layer thickness below the peak 

in sensitivity will increase the value of z and so increase sensitivity. Since the dispersion curve for a given 

mode is not linear, the frequency gain for such a device operating away from the peak sensitivity for the 

mode will not be linear with frequency. To further understand the frequency dependence, imagine a Love 

wave on an infinite thickness substrate and with the guiding layer thickness optimised to give maximum 

sensitivity for the first Love wave mode. The dispersion curve will look similar to the first Love wave 

mode in fig 2 and the operating point will be at around z=d/λl ∼ ¼ where λl = vl/f. As shown in section V, 

on an infinite thickness substrate the frequency only enters the calculation of the dispersion curve in 

combination with the guiding layer thickness through z=d/λl. Thus, if we keep the guiding layer thickness, 

d, constant and increase the frequency we will move the operating point along the horizontal axis of the 
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dispersion curve. The sensitivity at the new operating point is related to the slope of the dispersion curve 

and the frequency through Eq. (34) (or Eq. (35)). An immediate conclusion from this viewpoint is that 

approximately doubling the frequency will lead to either the same Love wave mode, but with much lower 

sensitivity, or the next higher Love wave mode, again with a much lower sensitivity. Alternatively, 

trebling the frequency will lead to either the same mode, but then with low sensitivity, or a point close to, 

but not exactly at, the optimum on the dispersion curve for the second Love wave mode (z=d/λl ∼ 3/4). 

These conclusions are relevant experimentally as it is possible to design Love wave devices capable of 

hopping between several frequencies during the course of a sensor experiment by fabricating specific 

patterns of the interdigital transducers used to excite Love waves20.  

 

Figure 6 illustrates the effect of altering the initial frequency, fo, by a factor of three to 3fo so that 

the operating point moves from the first to the second Love wave mode. The horizontal axis data for the 

higher frequency has been plotted using the original co-ordinate z=dfo/vl so that a direct comparison of the 

sensitivities at the two frequencies can be made by reading at the same value on the horizontal axis. Apart 

from the substrate thickness, which has been set to infinite, the parameters in the calculation are the same 

as in fig. 2. A choice of vp=vl has again been used to help the comparison and physically this corresponds 

to mass sensitivity towards the same material as the guiding layer. Importantly, if the guiding layer 

thickness has been selected optimally to give the maximum sensitivity of the first Love wave mode at the 

operating frequency, fo, then increasing the frequency by a factor of three does not result in a significant 

change in sensitivity. However, it is more likely experimentally for a wave-guiding layer thickness to be 

selected that is not quite optimal for the maximum mass sensitivity in the first Love wave mode. In this 

situation frequency hopping by trebling the frequency could result in either a greater or smaller mass 

sensitivity. It is possible to align the peak sensitivities between two frequencies that use mode 1 and mode 

2 Love waves for the layer and substrate materials used in the calculation of fig. 6 by changing the 

frequency by a factor of around 3.04; the ratio of peak sensitivites is then 1.51.  Similarly, frequency 

hopping by a factor of 5.08 will move the peak sensitivity of mode 1 to the peak sensitivity of mode 3 and 

give a relative increase in sensitivity of around 1.77. A change in frequency by a factor of 3.04 by 

frequency hopping would not be difficult experimentally as typical transducers have bandwidths of a few 

percent. Aligning the peak sensitivities of two modes when frequency hopping still does not give the 

factor of f gain in sensitivity that could be expected by using two devices with their wave-guide layer 

thickness optimised for maximum sensitivity for Love wave mode 1 at frequencies of f and 3.04f, 

respectively. This is because the peak value of the dlogez/dz in Eq. (34) is less at the higher mode. It 

should also be emphasised that the comparison made in this section is for the sensitivity function, which is 

the fractional change in phase speed rather than the absolute change in phase speed. 
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A final point of interest to current experimental work that arises from fig. 3, is the manner in 

which the mass sensitivity for Love waves changes with thick guiding layers. Often, polymer materials, 

such as PMMA, are chosen as wave-guide layers even though such materials can have significant 

attenuation for shear wave propagation. Therefore, as such a wave-guide layer becomes thicker it is 

expected that the insertion loss of the Love wave device should significantly increase. Experimentally, this 

can be preceded by an initial improvement in insertion loss, if the substrate is chosen to use a surface 

skimming bulk wave (SSBW) rather than a pure SH-SAW mode. Thus, an optimised sensor usually 

involves choosing a wave-guiding layer thickness as a compromise between the maximum phase velocity 

sensitivity (i.e. maximum slope in the dispersion curve) whilst not placing the operating point so far down 

the dispersion curve for the first Love wave mode that the insertion loss is intolerable. It is easy to believe 

that once a guiding layer thickness causes a large insertion loss, no reasonable sensor can be obtained by 

further increases in the guiding layer thickness. This is not, however, the case. Experimentally, it is known 

that a relatively strong Love wave, with a relatively acceptable insertion loss, can re-occur periodically, as 

the guiding layer thickness is further increased23; these correspond to higher order Love wave modes. In 

our experimental results using a polymer photoresist wave guide layer on an SSBW device, we have seen 

more than seven such modes. Figure 3 shows that the mass sensitivity of the higher order modes is, to 

within a factor of 2 to 3, comparable to the first Love wave mode. Physically, the start of each Love wave 

mode corresponds to a displacement supported in the substrate; for a finite thickness substrate these 

involve antinodes at each of the free surfaces. This substrate displacement supports the wave despite the 

intrinsic loss of the polymer and it is only as the polymer thickness is further increased, from that 

corresponding to the start of the mode, that the substrate motion is reduced and the wave more fully 

localised into the guiding layer. Once the localisation occurs, the damping of the polymer becomes fully 

effective, the insertion loss rises and the Love wave is damped. We would expect the layer guided SH-

APM modes to have a similar behaviour for the insertion loss. An important conclusion from this 

interpretation is that it should be possible to use relatively thick wave-guiding layers with these types of 

acoustic wave sensors (Love waves and layer guided SH-APMs) without completely sacrificing mass 

sensitivity. This should widen the range of wave-guide materials that can be used with layer guided 

acoustic wave sensors. Another consequence of the relationship between insertion loss and localisation of 

the Love wave is that frequency hopping by a factor of three for a device optimised for mass sensitivity in 

the first mode will cause the operating point to move to the next mode rather than a lower point on the 

same Love wave mode.  
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In this report, all derivations and calculations have referred to a third layer composed of rigid 

mass. However, the method adopted could be extended to a third layer that is either a liquid or a 

viscoelastic material by, for example, introducing a Maxwell model with a relaxation time. Indeed, we 

would anticipate that layer guided SH-APM sensors would benefit from the same enhancement of 

sensitivity over SH-APM modes when being used to determine liquid properties, such as a density-

viscosity product, or the shear modulus of a polymer. 

 

VII. Conclusion 

The concept of mass sensing using Love waves and layer guided shear horizontal polarised 

acoustic plate modes on finite thickness substrates has been developed using a dispersion equation for a 

three layer system. Formulae for the mass sensitivity have been derived and the relative sensitivity of 

Love wave and layer guided SH-APM modes considered. Numerical calculations of the formulae show 

that the introduction of the guiding layer onto a SH-APM sensor can increase the mass sensitivity by 

several orders of magnitude and may even result in mass sensitivities exceeding those of Love wave 

devices. It is predicted that layer guided SH-APM sensors having comparable or better sensitivity to Love 

wave sensors, but having the advantage of transducers on the opposite face to the sensing surface should 

be possible. The relationship between mass sensitivity and the slope of the numerically or experimentally 

determined dispersion curve has been considered. The effect of changing the operating frequency of a 

given Love wave device has also been considered on the basis of the slope of the dispersion curve. It has 

been shown that peak sensitivity scales linearly with frequency provided the Love wave mode does not 

change, but that hopping the frequency so that the operating device changes Love wave modes will give a 

lower increase in obtainable peak sensitivity. The mass sensitivity of sensor devices with thick wave-

guiding layers and the relationship between insertion loss and multiple Love wave modes has been 

elucidated. 
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Figures 

 

Figure 1 Definition of axes and propagation direction for shear horizontally polarised waves in a 

three-layer system; the displacement is in the x2 direction. 

 

 

 

Figure 2 Calculated dispersion curves as a function of normalised guiding layer thickness(d/λl= 

df/vl) for the two-layer system of a substrate and a wave-guiding layer. The multiple 

modes of Love waves have v<vs and the associated acoustic plate modes have v>vs. The 

solid circle symbols indicate the analytical result for the start of each mode. 
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Figure 3 Mass sensitivity, |Sm| in m2 kg-1 for the three Love wave modes shown in fig. 2; vp=vl has 

been used in the calculation using Eq. (34). 
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Figure 4 Mass sensitivity, |Sm| in m2 kg-1 for the layer guided SH-APM modes associated with the 

three Love wave modes shown in fig. 2; vp=vl has been used in the calculation using Eq. 

(34). 
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Figure 5. Comparison of the mass sensitivity, |Sm| in m2 kg-1 for the three highest layer guided SH-

APM modes (dotted curves) associated with the first three Love wave modes (solid 

curves) using a reduced substrate thickness of w=77 µm. All other parameters are the 

same as in Fig. 4. 
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Figure 6 Comparison of the sensitivity, |Sm| in m2 kg-1 for the mode 1 Love wave and the 

corresponding mass sensitivity for the mode 2 Love wave obtained by increasing the 

frequency by a factor of three whilst maintaining the guiding layer thickness constant; the 

substrate is assumed infinite thickness. The horizontal axis for both data sets has been 

plotted using the original co-ordinate before the frequency was increased. 
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